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Abstract. Take transverse immersions f : STII S311 S3 95 S% such that (1) f|S# is
an embedding, (2) f(S}) N f(5})#¢ and f(S}) N f(S]) is connected, and (3)f(ST) N
f(S3) N f(S3) = ¢. Then we obtain three surface-links Li= (f~'(f(S}) N f(S7)),
FHFSH N f(SY) ) in SP, where (i, 7, k)=(1,2,3), (2,3,1), (3,1,2). We prove that, we
have the equality 5(L1)+ 5(L2)+ B(Ls) = 0, where 5(L;) is the Sato-Levine invariant
of L;, if all L; are semi-boundary links.

1. INTRODUCTION AND MAIN RESULTS

Take transverse immersions f : STII S311.55 9 S% such that (1) f|S} is an embedding,
(2) f(S})Nf(S})#d and f(SH)Nf(S;) is connected, and (3)f(ST) N f(S3) N f(S3) = ¢
Then we obtain three surface-links L;= (f~'(f(S}) N f(S})), f~H(f(S}) N f(Sp)) ) in
S#, where (i, 4, k)=(1,2,3), (2,3,1), (3,1,2). An orientation is given to each naturally. In
this paper, we discuss which ones we obtain.

In order to state our theorems, we need some definitions.

We work in the smooth category. Si N S;»l is a closed orientable connected surface and

is oriented naturally. Hereafter, a surface will always mean a closed oriented connected
surface unless otherwise stated.

A surface-(Fy, ..., F),)-link is a submanifold L = (K7, ..., K,,) of S* such that K; is
diffeomorphic to the oriented surface F;. If u = 1, L is called a surface-Fi-knot. A
surface-(Fy, Fy)-link L = (K1, K») is called a semi-boundary link if [K;] = 0 € Ho(S* —
K;;Z) (i # 7) ([18]). A surface-(F1, Fy)-link L = (K4, K») is called a boundary link if
there exist Seifert hypersurfaces V; for K; (i = 1,2) such that V4 N Vo=¢. A surface-
(Fy, F»)-link (K1, K») is called a split link if there exist 4-balls Bf and B3 in S* such
that B{NB3 = ¢ and K, C B}.
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Definition. (L1, Lo, L3) is called a triple of surface-linksif Ly is a (Fy2, F13)-link, Lo is
a (F23, Fgl)—link, Lg isa (Fgl, Fgg)—hnk, and Fij is diffeomorphic to Fji ((Z,j)=(1,2),(2,3),(3,1))

Definition. A triple of surface-links (L1, Lo, L3) is said to be realizable if there exists
a transverese immersion f : S} 1153 11 S5 & S6 such that (1) f|S} is an embed-

ding (i=1,2,3), (2) (f 71 (f(S{) N F(S7), fFTHF(SH N F(SE)) ) in S is Li=(Kij, Kr) (
(3,5, k)=(1,2,3), (2,3,1), (3,1,2)), and (3)f(S1) N £(S3) N f(5) = ¢.

We state the main theorem.

Theorem 1.1. Let Ly, Lo and L3 be semi-boundary surface-links. Let (Lq1,Lo,L3) be a
triple of surface-links. Suppose the triple of surface-links (L1, Lo, L3) is realizable. Then
we have the equality

B(L1) + B(L2) + B(L3) = 0,

where B(L;) is the Sato-Levine invariant of L;.

We review the Sato-Levine invariants in §2. Since there exists a triple of surface-links
(L1, La, L3) such that B(L;)=p(L2)=0 and ($(L3)=1 (See §2.), we have:

Corollary 1.2. Not all triple of surface-links are realizable.
We prove:

Theorem 1.3. There exists a realizable triple of surface-links (L1, Lo, L3) such that
B(L1)=1, B(L2)=1, and (3(L3)=0.

We prove the following sufficient conditions for the realization.

Theorem 1.4. Let Ly, Ly and Ls be split surface-links. Let (L1, Lo, L3) be a triple
of surface-links. Then the triple of surface-links (L1, Lo, L3) is realizable.

Theorem 1.5. Suppose L; are (S?,52)-links and L; are slice links(i = 1,2,3). Then
the triple of surface-links (L1, Lo, L3) is realizable.

We give problems.

Problem 1.6. (1) Determine the realizable triple of surface-links.
(2) Is the inverse of Theorem 1.1 valid?

(3) Let Ly, Ly and L3 be (S2, S?)-links. Then is the triple of surface-links (L1, Lo, L3)
realizable?

Note. (i) Using a result of [15] (See §2.), one can show Problem 1.6.(3) follows from
Problem 1.6.(2).

(ii) By Theorem 1.5, if the answer to Problem 1.6.(3) is negative, then the answer to
an outstanding problem: “Is every (52, 5?%)-link slice?” is negative. (Refer to [5], [6],
and [12] for the slice problem.)

This paper is organized as follows. In §2 we review the Sato-Levine invariant. In §3
we prove Theorem 1.1. In §4 we prove Theorem 1.3. In §5 we prove Theorem 1.4. In
§6 we prove Theorem 1.5.



2. THE SATO-LEVINE INVARIANT AND SPIN COBORDISM

The Sato-Levine invariant is defined by Sato (in [18]) and Levine (unpublished) in-
dependently. It is easy to prove that the following definition is equivalent to theirs.

Definition. Let L = (K1, K2) be a semi-boundary surface-(F}, F3)-link. Then there
exist Seifert hypersurfaces V; for K; (i = 1,2) such that V; N K; = ¢(i # j). Let v; be
the oriented normal bundle of V; in S*. Let F be the oriented closed surface Vi N Va. F

need not be connected. Then the congruence T'S*|r = TF® v, | F® va|F induces a spin
structure o on F'. We define the Sato-Levine invariant (L) of L so that B(L)=|[(F, )]

e P = 7, for L. We call (F,0) a special surface for L.
By [17] and [18] the following holds.

Theorem. ([17] and [18]) Let Fy be an oriented closed connected surface not diffeo-
morphic to the 2-sphere. Let Fy be an arbitrary oriented closed connected surface. Then
there exists a semi-boundary (Fy, Fy)-link whose Sato-Levine invariant is one.

In [15] Orr proved the following.
Theorem. ([15]) The Sato-Levine invariant of an arbitrary (S, S?)-link is zero.

The Sato-Levine invariant and its generalization are studied in [1], [2], [3], [4], [7],
[8], [10], [11], [16], [19], [20], P.103 of [21], etc. [2] says that the Sato-Levine invariant is
connected with [9].

3 THE PROOF OF THEOREM 1.1.

Let L1 = (Klg, Klg), L2 = (Kgg, Kgl), and Lg = (Kgl, Kgg). Let f . S%HSEL HS% -
S6 be an immersion to realize (L1, Lo, L3). We abbreviate f(S#) to S}. We first prove:

Claim. There exist Seifert hypersurfaces A; for S} (i =1,2,3) such that A;N S3N Si
=¢, AoN S3N S =¢, and AN SiN S5 =¢.

Proof. Let S3x D? be a tubular neighborhood of Sj in S¢. Put D?={(z,y)| 22 +y? <
0}. Then S3=S3 x {(0,0)}. Put I={(x,y)| 0 S 2 <1,y = 0}. We can regard S5x D?
as the result of rotating S5 x I around the axis S3.

Put M = (S5 x I) NS{. As we rotate S5 x I as above, we rotate M as well. The
result is (S5 x D?)NST.

Take a Seifert hypersurface A for Sf. Then A} N S3 in S3 is a Seifert hypersurface
VJ, for K31. We can suppose that A} N (S5 x p) in S3 x p is the submanifold V4, for
each p € D?.

Since Lo = (Ka3, K1) is a semi-boundary link, there is a Seifert hypersurface Va; for

K5, such that Vo1 N Ko3=¢. Then there exists a compact oriented 4-manifold W in
S3 x I with the following properties.

(1) W N S3 in S3 is the submanifold Va;.
(2) Wn (S5 x{(1,0)}) in (S5 x {(1,0)}) is the submanifold V5.
(3) (OW) = V3 — Vi is M.




When we rotate S5 x I as above, we rotate W together. Let P denote what is
made from W. Note that P =9(A} N (S5 x D2)) =9(A} — (A, N (S x D2))) —St.
Let A=A} — A} N (S35 x D?) UP.

Then A;N S3N S5 =Va1N Koz =¢. Note that, when we modify A} to obtain A, we
don’t change f.

Replace (1,2,3) with (2,3,1) (resp. (3,1,2)) in the above proof. Then we obtain A
(resp. As). We now obtain A;, Ay and As so that we keep the immersion f. This
completes the proof. [J

Put X = Al N A2 N AQ. Put FZ=(8X) N S;L Then 8X=F1H FQH Fg. By llSiIlg
Ay, As, Az and SO, we give F; (resp. W) a spin structure o; (resp. 7). Of course
O(X,7)=113_,(F;,0;). Then (F;, 0;) is a special surface for L;. Therefore, 3;3(L;) =
Sil(Fi, 00)]= [0(X, 7)]=0 € Q5P™.

4 THE PROOF OF THEOREM 1.3

Let L1 = (Klg, Klg) be the (T2, 52)—11I1k in [17] Let LQ = (Kgg, K21) be the (82,T2)—
link obtained by changing the order of Li. Let L3z = (K31, K32) be the trivial (52, 5?)-
link. Note B(L1)=0(L2)=1 and [(L3)=0. It suffices to prove that the triple of surface-
links (Lq, Lo, L3) is realizable.

(K1, K3) is called a pair of surface-F-knots if both K7 and Ky are F-knots. A pair of
F-knots (K71, K») is said to be realizable if there exists a transverse immersion f : S$1153
3 S¢ such that (1)f]S} is an embedding (i = 1,2), and (2) f~1(f(S}) N £(S3)) in S}
is K;(i =1,2).

We prove:

Proposition 4.1. Let K be a surface-knot. Then the pair of surface-knots (K, K) is
realizable.

Take an embedding f : St ][ S5 < S6. There exists a chart U of S% such that
(1) ¢: U =R x {(u,v)|u,v € R} = R* xR, x R,, and
(2)U N f(S}) =R x {(u,v)|u = 0,v = 0}. Call it R}.
UnNf(S3) =R x {(u,v)|lu=1,v=0}. Callit Rj.
We prove Lemma 4.2. Obviously it induces Proposition 4.1.

Lemma 4.2. There exists a transverse immersion g : S [[ S5 & S° to realize the pair
of surface-knots (K, K) with the following properties.

(1) glS5 = £19;.
(2) g(S3) NR* x {u =0} x R, =g(S3) NR* x {u =0} x {v =0}.
(3) g|St is isotopic to f|St.

We modify the embedding f to obtain an immersion g.

Take any Seifert hypersurface V for K in Rf. Let N(V) =Vx {t}-1 <t <1} be a
tubular neighborhood of V in R}. We define the subset E of N(V) x R, x R,

={(p,t,u,v)lpeV,-1 =t < 1,u € R,v € R} so that
E={({ptuv)peV, 02us%, t=k-cosu, v=~Fk-sinv, —1=Zk<1}
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Put X =(0F) — N(V) and Y = f(S{) — N(V). Then X=0Y= ON (V). Put X=
X UY. Then X is an embedded 4-sphere. We define g|S; so that g(S7)=%. This
completes the proof of Lemma 4.2 and therefore Proposition 4.1.

Note. See Figure 4.1 We draw a lower dimensional analogue. There, we replace R*
xR, x R, with R? xR, x R,.



Figure 4.1 is divided into the three pieces.
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Figure 4.1 is divided into the three pieces.



By the definition of L;, the T?-knots K5 and K»; are equivalent. Therefore there is
an immersion g : S} [[ S5 9 S to realize the pair of T?-knots (K12, Ka1).

We prove the following Lemma 4.3. Obviously Lemma 4.3 induce Theorem 1.3.

Lemma 4.3. There exists a transverse immersion h : S [[S3][[S5 & S® to realize
(L1, Lo, L) with the following properties.

(1) hlss sa=y

(2) h(S3) CU. h(S3) is the trivial 3-knot.

Proof. We modify the immersion g to obtain an immersion g.

Take K13 (resp. Ka3z) in R} (resp. R3). There is a Seifert hypersurface Vo for Ko
so that V1o N K13 = ¢. Take Vi5 as a Seifert hypersurface used in the proof of Lemma
4.2. Recall Vi5 and K3 are in R‘ll.

Recall K13 and Kag are the trivial S%-knots. Take a 3-ball B}, (resp. B3; ) which
bounds K13 (resp. K3 ) in R (resp. R3). Note that Bj; does not include in g(S1).

Take the 5-ball B°= {(q,u,v)|q € B3, —1 < u < 2,-2 < v < 2} in U. Suppose
B’ NR{=B3; and B> NR3=B3;. Then (0B°%)N S} N S3=6.

Define h|S3 so that h(S3)=0B°>.

This completes the proof of Lemma 4.3 and hence Theorem 1.3.

5 THE PROOF OF THEOREM 1.4 AND A RELATION BETWEEN
KNOT COBORDISM AND THE REALIZATION OF PAIR OF KNOTS

Surface-F-knots Ky and K; are said to be cobordant or concordant if there is a
smooth submanifold W of S* x [0, 1], which meets the boundary transversely in OW, is
diffeomorphic to F x [0,1] and meets S* x {i} in K; (i =0,1).

We prove the following although it may be folklore.

Theorem 5.1. Let F' be a closed connected oriented surface. Then arbitrary F-knots
Koy and K1 are cobordant.

Proof. Let L be a split surface-link with components Ky and —K;. It suffices to
prove:

Claim. There ezists a submanifold of S* which is diffeomorphic to Fx [0,1] such that
Fx[0,1] intersects with OB® transversely, Fx [0,1] N dB% = F x {0} 11 F x {1}, and
(F x {0}, F x {1}) in S*=0B5 is L.

Let V be a connected Seifert hypersurface for L. A spin structure on V is induced
from the unique one on S*. A spin structure on OV is induced from the one on V.
Make a closed spin 3-manifold W = V U (F x [0,1]) so that the spin structure on V'
extend to the one on W. Note W is not a submanifold of S*. Since Q"™ = 0, there
exists a spin 4-manifold X which W spin-bounds. Since V and F' x [0, 1] are connected,
we can take a handle decomposition X = (V x [0, 1])U(4-dimensional 2-handles h?)
U{(F x [0,1]) x [0,1]}. Take V'x [0,1] in S* x [0,1] so that V x {t} is in S* x {t}.
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Attach the handles h? to V x {1} C S* x {1}. Then we can attach the 5-dimensional
2-handles h?=h? x [-1,1] to S* x{1} naturally. Let Y= S* x[0,1] U(the 5-dimensional
2-handles h?). Since the attaching maps of h? are spin preserving diffeomorphisms, Y
is diffeomorphic to (5*S? x B3)—(the 5-ball). 9Y is a disjoint union of the standard
4-sphere S¢ and (#*S? x S?). Hence Y is embedded in B® so that S§ coincides with
OB>.

Therefore F' x [0,1] € W C B?® and the submanifold F x [0, 1] satisfies the condition
in the Claim. This completes the proof. [

It is easy to prove that Theorem 1.4 is equivalent to the following Theorem 5.2. We
prove:

Theorem 5.2. Let I be a closed connected oriented surface. If F-knots K and K' are
cobordant, the pair of F-knots (K, K') is realizable.

Proof. By Proposition 4.1, the pair of F-knots (K, K') is realizable. Hence it suffices
to prove:

Claim. Suppose that a pair of F-knots (Ky, K3) is realizable. Suppose that Ko is
cobordant to Ks. Then (K1, K3) is realizable

Proof. Let f : St11S3 & S® be an immersion to realize (K7, K5). We construct an
immersion f : S§[[S3 9 S° to realize (K1, K3) as follows. Put f|S5 = f|S3.

Let f(S3) x D? be a tubular neighborhood of S5 in S6. Put D?={(z,y)| % +y? < 0}.
Then f(S3)=S55 x {(0,0)}. Put I={(z,y)| 0 < 2 <1,y = 0}. We can regard f(S3)Xx
D? as what is obtained by rotating f(S5) x I around f(S3) as the axis.

Put M = (f(S3) x I) Nf(St). We can regard (f(S3) x D?) Nf(S}) as what is made
from M as follows: When we rotate (f(S3) x I) as above, we rotate M together. What
is made from M is (f(S3) x D?)Nf(S}).

We can suppose that {f(S3 x p)} N £(S}) in £(S3) x p is Ky for each p € D2

Since K and K3 are cobordant, there is a compact oriented 3-manifold P in f(S5) x I
with the following properties. (1) P = F'x[0,1]. (2) P intersects f(S3)xdI transversely.
P Nf(S3) in f(S3) is Ks. PN[f(S3) x {(1,0)}] in £(S3) x {(1,0)} is K>.

When we rotate f(S3) x I as above, rotate P together. Let @) denote what is made
from P.

Note that 9Q =0 (S5 N (F(53) x D?)) =0 F(S1) — (F(58) 1 (f(S§) x D?)). Then

R=f(S}) — f(SHN(f(S3) x D?) UQ is a 4-sphere embedded in S¢. Put f(S3) = R.
This completes the proof.

6 THE PROOF OF THEOREM 1.5.
It is easy to prove that it suffices to prove:

Proposition. Let L = (K1, K3) be a (S?,5?)-link and a slice link. Then there exists
three 4-spheres St, S5, and S* embedded in S® with the following properties.
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(1)StNS3=¢ (2)(StNS* S;N S in S*is L.

Proof. Let S*x D? denote a tubular neighborhood of S* in S¢. Put D?={(z,y)|
2?2 +y? < 0}. Then S1=5%x{(0,0)}. Put I={(z,y)|0 < 2 <1,y = 0}. We can regard
S*x D? as the result of rotating S* x I around the axis S*.

Since the 2-link L is slice, there exists two 3-discs D? and Dj in S* x I with the
following properties. (1) D? N D3=¢. (2) D3 intersects S* transversely. D3 NS*=0D3.
(3) (0D3%, OD3) in S* is the 2-link L.

When we rotate S* x I as above, we rotate D3 11D3 together. This gives 4-spheres
St and S3 embedded in SS. This completes the proof.



REFERENCES

P.Akhmetiev and A.Ruzmaikin, A fourth-order topological invariant of magnetic or voltex lines,
J. Geom. Phys. 15 (1995), 95-101.

T. D. Cochran, Geometric invariants of link cobordism, Comment.Math.Helv. 60 (1985), 291-311.

T. D. Cochran, Link concordance invariants and homotopy theory, Invent.Math. 90 (1987), 635-
645.

T. D. Cochran, Derivatives of links: Milnor’s concordance invariants and Massey’s products,
Mem.Amer.Math.Soc. 427 (1990).

T.D.Cochran and K. E. Orr, Not all links are concordant to boundary links, Ann. of Math. 138
(1993), 519-554.

P. Gilmer and C. Livingston, The Casson-Gordon invariant and link concordance, Topology 31
(1992), 475-492.

P. Gilmer, Classical knot and link concordance, Comment.Math.Helv. 68 (1993), 1-19.

P. Kirk and C. Livingston, Vassiliev invariants of two component links and the Casson-Walker
invariants, Topology (To appear).

S. Kojima and M. Yamasaki, Some new invariants of links, Invent.Math. 54 (1979), 213-228.

J.Levine, Link concordance and algebraic closure of groups, Comment.Math.Helv. 64 (1989),
236-255.

J.Levine, Link concordance and algebraic closure II, Invent. Math. 96 (1989), 571-592.
J.Levine, Link invariants via the eta-invariant, Comment.Math.Helv. 69 (1994), 82-119.

J.Levine, W.Mio, and K. Orr, Links with vanishing homotopy invariants, Comm. Pure & Applied
Math. XLVT (1993), 213-220.

E. Ogasa, On the intersection of spheres in a sphere I, II, Tokyo University preprint (1995).
K. E. Orr, New link invariants and applications, Comment.Math.Helv. 62 (1987), 542-560.
K. E. Orr, link concordance invariants and Massey products, Topology (1991).

D. Ruberman, Concrodance of links in S*, Contmp.Math. 35 (1984), 481-483.

N. Sato, Cobordisms of semi-boundary links, Topology Appl. 18 (1984), 225-234.

M. Saito, On the unoriented Sato-Levine invariant, J. Knot Theory Ramifications 2 (1993),
335-358.

M. Saito, A note on cobordism of surface links in S*, Proc.Amer.Math.Soc. 111 (1991), 883-887.

K.Walker, An extension of Casson’s invariant, Princeton Univ.Press (1992).

Acknowledgement. The author would like to thank Prof. Takashi Tsuboi for the discussion. A
motivation of this paper is Dr. Yoshitake Hashimoto’s question on the author’s paper [14] at the
conference organized by Prof. Akio Kawauchi. The author would like to thank Dr. Yoshitake Hashimoto
for his advice. The author would like to thank Prof. Akio Kawauchi for his kindness. A motivation of
Theorem 1.3 is Prof. Takashi Inaba’s question on Problem 1.6.(2). The author would like to thank Prof.
Takashi Inaba for his advice. The author would like to thank the referee for reading patiently.



	3KO1.pdf
	figure.pdf
	3KO2.pdf

